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Why do these genes
predict outcome?

The are regulated by the
E2F family of cell-cycle
regulatory proteins.

Tumors that divide more
rapidly express more of
these proteins and are
more dangerous



We will learn how to discover
which proteins bound a set of
genes.

Why do these genes
predict outcome?

The are regulated by the
E2F family of cell-cycle
regulatory proteins.

Tumors that divide more
rapidly express more of
these proteins and are
more dangerous
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What would | expect if | lined up
the sequences of binding sites?

1D IO I
]

) -
I
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Biophysics determines binding

Some base pairs
- - are more critical
than others
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Motifs

 Measure the odds that a sequence was
generated by the motif model after
compared to the background
frequencies of each nucleotide



Is a region a valid binding site?

Match?
ACGTAGATCGATCCCCTGATCAAAATCGTGTTGAGCGCGCGTAATATCGCTAGCTAGCAAATTCCGATA
o Steps:
1. Define a mathematical model for matching
sequences
2. Define a model for sequences that don'’t
match
3. Quantitatively compare the two
hypotheses Probabilityyimaing site

odds = =
PTObablllt}/not_a_binding_site

_ _ Define background
Define motif model del Compare the models
mode



Sequence Logos

* A letter’'s height indicates the

information it contains (i.e. reduction in
uncertainty)

* The top letter at each position can be
read to obtain the consensus sequence
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If | had found
these sites using
ChIP-Seq, how
would | describe
the specificity?

Define motif model

TGACTCC
TGACTCA
TGACAAA
TGACTCA
TTACACA
TGACTAA
TGACTAA
TGACTCA
TGACTCA
TGACTCA
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TGACTCC

If | had found TGACTCA
i i TGACAAA
these sites using TGACTCA
TTACACA
ChlIP-Seq, ho_w TOAGTAA
would | describe TGACTAA
T TGACTCA
the specificity? TOAGTOA
TGACTCA

Position Frequency Matrix (PFM)
A: 0 | 0 | 10 | 0
C: 0 | 0 | 0 | 10
G: 0 | 9 | 0 | 0
T: 10 | 1 | 0 | 0

Define motif model
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If | had found

these sites using

ChiIP-Seq, how

would | describe

the specificity?
Position Frequency Matrix (PFM)
A: 0 | 0 | 10 |
C: 0 | 0 | 0 |
G: 0 | 9 | 0 |
T: 10 | 1 | 0 |
Position Probability Matrix (PPM)
Az 0.000 | 0.000 | 1.000 |
C: 0.000 | 0.000 | 0.000 |
G: 0.000 | 0.900 | 0.000 |
T 1.000 1 0.100 1 0.000 1

Define motif model

TGACTCC
TGACTCA
TGACAAA
TGACTCA
TTACACA
TGACTAA
TGACTAA
TGACTCA
TGACTCA
TGACTCA

0]
10
0]
0]

0.000
1.000
0.000
0.000

OO ON

0.200
0.000
0.000
0.800

OO ~NWwW

0.300
0.700
0.000
0.000

©COoOoPr oo

0.900
0.100
0.000
0.000
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Is a region a valid binding site?

o Steps:

1. Define a mathematical model for matching

w
sequences -

9 Model prob=]]p, .. (0.0

Position Probability Matrix (PPM) =
A: 0.000 | 0.000 | 1.000 | 0.000 | 0.200 | 0.300 ] 0.9
C: 0.000 ] 0.000 | 0.000 | 1.000 | 0.000 | 0.700 | 0.1
G: 0.000 ] 0.900 | 0.000 | 0.000 | 0.000 | 0.000 | 0.0
T: 1.000 | 0.100 | 0.000 | 0.000 | 0.800 | 0.000 | 0.0

Define motif model



Is a region a valid binding site?
o Steps:

1. Define a mathematical model for matching
sequences w
Model prob=]]p, .. (0.0

=1

Az 0.000 | 0.000 | 000 | 0.000 | 0.200 | 0.300 | 0.900 |
C: 0.000 | 0.000 | 0.000 | 1.000 | 0.000 | 0.700 | 0.100 |
G: 0.000 | 0.900 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 |
T- 1.000 | 0.100 | 0.000 | 0.000 | 0.800 | 0.000 | 0.000 |

2. Define a model for sequences that don'’t
match: P =0.25

background

Define background
model



Is the sequence more probably
a motif or a random genomic region?
o Steps:
3. Quantitatively compare the two hypotheses

Model _prob =] | p,...(b:1)

=1

BaCkg round _ prOb — H pbackground (b)

i=1

[ Odds ratio A

Model prob T Proca (B T -
_ T Pooaa D TT64ds(h,
_ Background _ prob 1;[ Poackground (0) 1;[ &0

J

Compare the models



(- )
Model _prob T Powsad D) T .
— =11 = | [ odds(b, i)

IBaCkg rOund — prOb =1 pbackground (b) =1

\_ .
Position Probability Matrix (PPM) = Model prob
A: 0.000 ] 0.000 ] 1.000 ] 0.000 ] 0.200 ] 0.300 ) 0.900
C: 0.000 ] 0.000 ] 0.000 | 1.000 | 0.000 | 0.700 | 0.100
G: 0.000 | 0.900 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000
T: 1.000 | 0.100 | 0.000 | 0.000 | 0.800 | 0.000 | 0.000

Assume that all bases are equally likely in the rest of the genome

I:)background =0.25
Odds Ratio
A: 0 | 0] 4.000 | O] 0.800 ] 1.200 | 3.600
C: 0 | 0 | 0] 4.000 | O] 2.800 | 0.400
G: 0] 3.600 | 0 | 0 | 0 | 0 | 0
T: 4.000 | 0.400 | 0 | 0] 3.200 | 0 | 0

Compare the model8



Odds Ratio
A: 0 |
C: 0 |
G: (Ol |
T: 4.000 |

Likelihood = Prob(sequence | model)

What is the likelihood of TGACTCA?
What is the likelihood of AGACTCA?

Compare the modeb§



Laplace’s rule takes into account
rare events

C(base =D)
Total counts

C(base=Db)+1
Total counts+4

F(base=D)=

F(base=D)=

31



Pseudocounts:
add a small frequency p to all bases

C(base =h)
Total counts
C(base=Db)+1
Total counts+4
C(base=b)+p
Total counts+4p

F(base=D)=

F(base=D)=

F(base=D)=

In next slides p=0.25% of Total Counts



Position Probability Matrix (PPM)

Az 0.000 |] 0.000 | 1.000 | 0.000 | 0.200 |
C: 0.000] 0.000] O0.000 ] 1.000 | 0.000 ]
G: 0.000 ] 0.900 ] 0.000 | 0.000 | 0.000 ]
T 1.000 ] 0.100 | 0.000 | 0.000 | 0.800 |
Odds Ratio

A: 0 | O] 4.000 | O] 0.800 |
C: 0 | 0 | O] 4.000 | 0 |
G: O] 3.600 | 0 | 0 | O |
T 4.000 | 0.400 | 0 | O] 3.200 |

With Pseudocounts
Position Probability Matrix (PPM)

A: 0.0025 | 0.0025 | 0.9926 | 0.0025 | 0.2005 |
C: 0.0025 | 0.0025 | 0.0025 | 0.9926 | 0.0025 |
G: 0.0025 | 0.8936 | 0.0025 | 0.0025 | 0.0025 |
T: 0.9926 | 0.1015 | 0.0025 | 0.0025 | 0.7946 |
Odds Ratio

A: 0.0099 | 0.0099 | 3.9703 | 0.0099 | 0.8020 |
C: 0.0099 | 0.0099 | 0.0099 | 3.9703 | 0.0099 |
G: 0.0099 | 3.5743 | 0.0099 | 0.0099 | 0.0099 |
T: 3.9703 | 0.4059 | 0.0099 | 0.0099 | 3.1782 |

oNoNelNe

©CONFPF

O OoOoOo

N B

-300
- 700
-000
-000

-200
-800

.2995
.6955
.0025
-0025

-1980
. 7822
-0099
-0099

oNoNelNe

COoOOoOow

oNoNolNe

o w

-900
-100
-000
-000

-600
-400

-8936
-1015
.0025
-0025

.95743
-4059
-0099
-0099
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Log-Odds

W

Model prob Procer (0:1) T -
_ _ mode = | |odds(b, I
BaCkg round _ prOb 1;[ pbackground (b) ];:_i[ ( )

Model prob = | < .
] — =1 odds(b,1) |= > log(odds(b,
Og{ Background prob} Og{l:[ ( )} % o (&:D)

Compare the models



Log-odds matrix is often called
PWM position weight matrix
or
PSSM position-specific scoring matrix

log [ Pmodel ] — log [Pmodel] _ log [Pbackground]

p background

Log Odds

A: -6.658 | -6.658 | 1.989 | -6.658 | -0.318 | 0.261 | 1.838 |
C: -6.658 | -6.658 | -6.658 | 1.989 | -6.658 | 1.476 | -1.301 |
G: -6.658 | 1.838 | -6.658 | -6.658 | -6.658 | -6.658 | -6.658 |
T: 1.989 | -1.301 | -6.658 | -6.658 | 1.668 | -6.658 | -6.658

Compare the modebs



Is a region a valid binding site?

o Steps:
1. Define a mathematical model for matching
sequences
2. Define a model for sequences that don'’t
match
3. Quantitatively compare the two
hypotheses

+CGTAGATCGATCCqCTGATCAAAATCGTGTTGAGCGCGCGTAATATCGCTAGCTAGCAAATTCCGATA

Match?
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Compute Significance With
Hypergeometric Distribution

CTGET

genome

Genes
with
matching
motif in
Genes promoter
of interest

* Rule-of-thumb: 60% of the maximum-possible LLR
score is a reasonable threshold for determining a
match to a PWN moftif 41
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Matif Discovery

« Given: a set of seq ces
* Find: the PWM for ver-represented motif

ACGTGTCTGCTACAAAATGCAAATACGATGATAAATGCAGCAATTGT
ACGTAAATGCAATTACGATGATAAATGCAGCAACCGTTATCGACTTG
ATCTTACTAGCATGGCCATCATCAACATGCAAAGCAGGTTGTGCCCT
ATAAATGCCCAATTGATTTGTCTCCACTACATAATGCAAATACGATG



Matif Discovery

« Given: a set of seq ces

* Find: the PWM for ver-represented motif

ACGTGTCTGCTAC4AAATGCAAATACGATGATAAATGCAGCAATTGT

ACG#AAATGCAATFACGATGATAAATGCAGCAACCGTTATCGACTTG

ATCTTACTAGCATGGCCATCATC4ACATGCAAAFCAGGTTGTGCCCT

ATAAATGCCCAATTGATTTGTCTCCACTAC4TAATGCAAA

TACGATG




. Note 1 Motif Discovery

— If you know the PWM, you can easily align the
sequences

* Note 2:

— If the sequences are aligned, you can easily
find the PWM

ACGTGTCTGCTAC4AAATGCAAATACGATGATAAATGCAGCAATTGT

ACG#AAATGCAATFACGATGATAAATGCAGCAACCGTTA

\GCATGGCCATCATC4ACATGCAAAFCAGGTTGTGCCCT

\TTTGTCTCCACTAC4TAATGCAAATACGATG 45




The Expectation Maximization (EM)
Algorithm

* When we begin
— we don’t know the PWM
— we don’t know the location of the binding sites

* We iteratively:

— assume we know the motif and look for the most
likely binding site

— assume we know the binding site and compute
the best motif



Expectation Maximization

* E step — calculate expected motif locations given the

current motif

Given our current best guess about the motif,

Where do we think the protein is binding?

*
0..
*
A

ACGTGTCTGCTAC/}\AAATGCAAATACGATGATAAATGCAGCAATTGT

ACG'IITCATGTATTiI'ACGATGATAAATGCAGCAACCGTTATCGACTTG

ATCTTACTAGCATGGCCATCATC4ACATGATAAFCAGGTTGTGCCCT

ATAAATGCCCAATTGATTTGTCTCCACTAC4AAATG CAAT]

TACGATG




Expectation Maximization

* M step — re-estimate the motif to maximize likelihood

Given our expectation about where binding occurs,

What is the most likely motif model?
V.

ACGTGTCTG CTACAIAAATG CAAAJ[ACGATGATAAATG CAGCAATTG

GACATTTTGTACGTTCATGTATTTACGATGATAAATGCAGCAACCG

CATGGCCATCATCAACATGATAAGCAGGTTGTGCCCGGTTTACTGA

TTGTCTCCACTACAAAATGCAATTACGATGAGAGGGTGATGGCACT




Expectation Maximization

* M step — re-estimate the motif to maximize likelihood
Old motif

New motif

0"
*
S

ACGTGTCTG CTACAIAAATG CAAAJ[ACGATGATAAATG CAGCAATTG

GACATTTTGTACGTTCATGTATTTACGATGATAAATGCAGCAACCG

CATGGCCATCATCAACATGATAAGCAGGTTGTGCCCGGTTTACTGA

TTGTCTCCACTACAAAATGCAATTACGATGAGAGGGTGATGGCACT




Properties of the EM algorithm

* EM is guaranteed to converge

— at each step our overall score improves

 EM is not guaranteed to give the right answer

— had we started with a different initial guess, we
might have found a better answer



What do we maximize?

 We maximize the likelihood of the full
sequences given our current motif model.

Compute Compute
likelihood using Compute likelihood using
background likelihood using background
model motif model model
I:)background I:Jmodel I:)background

A A A
| | \

Y
ACGTGTCTGCTACAAAATGCAAATACGATGATAAATGCAGCAATTGT

e Remember that each element of the motif is
log [ Cmodel ] = lOg [Pmodel] o log [Pbackground]

Pbackground
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